Introduction.
In two previous papers, Fox [2; 3] , I have defined chain transforms and obtained the conditions that a set of functions should form the kernels of a chain transform.
In this paper I shall show that the property of forming a set of kernels of a chain transform is largely invariant under the operation of fractional integration. Thus from one set of chain transform kernels we can, by means of this operation, obtain an infinite number of other such sets of kernels.
We shall use here the definition of fractional integration which has been developed largely by Erdelyi [l] and Kober [4] .
2. Chain transforms. A chain transform of order ra is defined, [3] , as a set of n equations divided into two subsets, one of i and the other of j equations, where i+j = n, i, j and n being all positive integers. These subsets of equations are as follows:
where p runs through i integers and q through j integers, but not necessarily in consecutive fashion. Between them p and q run through the first n positive integers. The functions g,(x) commence with gi(x) and terminate with g"+1(x). For the system (1), (2) to be a chain transform of order n we must have (i) g"+i(x) =gi(x), so that there are only w of these functions and (ii) each of the functions g,(x), i = \, 2, 3, ---, n, occurs twice in the system (1), (2) , once on the right hand side and once on the left. In one of these occurrences it will appear as gi(x) and in the other as gi(u). The functions rp(x) and lq(x) are known as the kernels of the chain transform. When w = 2 the system reduces to the Generalized Fourier Transform, Titchmarsh [5] , In my two previous papers, [2; 3] , I have given examples of chain transforms of various orders. An example of order three is as follows:
Here we have two kernels on the right and one on the left. The conditions for the existence of a chain transform are of two kinds, (i) convergence conditions for the functions gi(x) and the kernels and (ii) a condition which must be satisfied by the kernels alone. We shall not be concerned here with the conditions satisfied by the functions gi(x). The kernels satisfy the following conditions: if mf(x) denotes the Mellin transform of f(x), see (8), (9) §3, then II mi*) = II 2Wrp(x), (6) , p if there are kernels on both sides of (1), (2) . If there are no kernels on the left of (1), (2) then the product on the left hand side of (6) must be replaced by 1 (unity) and if there are no kernels on the right of (1), (2) then the right hand product of (6) must be replaced by 1 (unity) . The values of q and p in (6) are the same as the values of q and p which occur in the kernels of (1) and (2). In (3), (4), (5) we have rx(x) =e~^/x and mrx(x)=Y(l-s); r2(x) =e~' and Sttr2(x) =T(s); lx(x) = 1/(1 +*) and Wllx(x) =7r/sin (sir). Evidently (6) is satisfied since 7r/sin (sir) =T(1 -s)r(s).
In addition to (6) the kernels must satisfy some convergence conditions; e.g. as all the kernels are in L(0, «=) or all are in Z.2(0, oo), Fox [2, pp. 680, 684] . If (6) is satisfied and one of these convergence conditions also holds we shall say that the kernels are the kernels of a chain transform.
3. Fractional integration.
Various definitions of fractional integration have been given by several authors, including Riemann, Weyl and others. We shall follow the work of Kober [4] who has made a very comprehensive study of this operation. Kober defines four forms of fractional integration, but we shall discuss only the first one in detail since it is easy to establish theorems analogous to our Theorem 1 for the other three forms. If rj is a complex parameter then Kober defines the operator I^af(t) as follows: (7) g+Ux) = lt.af(t) = -^ f\x -l)"-H«f(t)dt. and (h) they also form the right hand and left hand, kernels, respectively, of a chain transform. Here p and q between them run through the first n positive integers as explained in §2.
Proof. From (A), immediately following (7), it is evident that (a) follows from condition (ii). To prove (b) we must establish (6) for the Mellin transforms of the I^a functions. From (10) we have (12) n mitt,%iq(t) = n r^+*-*> n m{t) 9 9 Y(Vq + aq + 1 -s) t (13) = n TVr(;+l7), n awo p 1 (riP + ap + 1 -s) p from (11) condition (ii) and (6). On applying (10) to the right hand side of (13) we have (14) n 3R/;.«,wo = n Mii,a/P(t). q p Statement (b) now follows from (6) and (14) so that the functions rv(x) and lg(x) remain the kernels of a chain transform after they have been acted upon by the operators of fractional integration i+a. This completes the proof of the theorem.
We note, from (a), that when new chain kernels are formed by means of fractional integration the convergence conditions remain unchanged. In For illustration we shall apply the theorem to the three kernels of the third order chain transform of (3), (4) and (5). We have rx(x) = e~llx/x, r2(x)=e~x, lx(x) = l/(l+x), all of which are in L2(0, oo).
The conditions of Theorem 1 are satisfied if rx(x) is unaltered and r2(x) and lx(x) are replaced by I^ar2(t) and I*Jx(t) respectively, where rj and a are the same for both functions. From (10) we have
On applying the inverse Mellin transform to (15) and (16) we then obtain new kernels of a third order chain transform.
Denoting these by Rx(x), R2(x) on the right hand side and Lx(x) on the left we have (17) Rx(x) = e-U'/x, (18) r2(x) = lFl(v+\;r, + a+l;-x), (4), (5) is related to the Stieltjes transform, Widder [7, Chapter 8] . Since the kernels (17), (18) and (19) have convergence properties which closely resemble those of (3), (4) and (5) it is probable that many of the results obtained in Stieltjes transform theory may also be true for chain transforms with kernels (17), (18) and (19). 5 . Other forms of fractional integration.
Kober [4] investigates three forms of fractional integration in addition to the one we have used here in §3. The second of these forms is as follows:
with Mellin transform (21) Wh'Ux) = 9K7WM = J{V + S), , W(*)-
The conditions for the existence of these functions differ slightly from those given in A and B §3 above and for the case p = 2, to which we confine ourselves, the conditions are exactly the same. and are, respectively, the right and left hand kernels of a chain transform of order n.
As explained in §2 the p's and g's between them run through the first n positive integers. For the purposes of proving this theorem it is more convenient to write condition (iii) of Theorem 1 with 1-5 replaced by 5.
Theorems analogous to Theorems 1 and 1A can also be established for the other two forms of fractional integration discussed by Kober in [4] .
